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We obtain the general expression of the gluon propagator at finite temperature (T ) and in a
magnetic field (B), for the case that the four transverse tensor structures appear in the gluon self-
energy. By using this expression and a specific form of the one-loop gluon self-energy in the lowest
Landau level approximation, we analyze the gluon spectrum in the strong magnetic field limit. As
a result, we find that there exist two collective excitations of which the energies are of the order
of p ∼ gT with g being the coupling constant. One of the two excitations enjoys properties quite
different from those of the collective excitations at B = 0 which have been discussed by using the
hard thermal loop approximation. We also discuss the static and dynamical screening effects, which
are expected to be important for computation of transport coefficients in strong magnetic fields.
I. INTRODUCTION
The extreme state of matter created by the relativistic
heavy-ion collisions provides us with an opportunity to
investigate the dynamics governed by quantum chromo-
dynamics (QCD) at high temperature (T ). Motivated
by the experiments, a number of theoretical studies has
addressed the properties of the extreme QCD matter
called the quark-gluon plasma (QGP). Recent studies,
both in theory and experiment, also suggest opportu-
nities of studying novel properties of the QGP in the
strong magnetic field (B) which is thought to be induced
in the heavy-ion collisions [1–5] (see Refs. [6, 7] for re-
cent reviews on the estimates of the strengths). The out-
comes of these studies suggest not only the emergence of
the nondissipative transport phenomena [8, 9] (see also
Refs. [6, 7, 10, 11] for recent reviews), but also the drastic
changes in the conventional transport phenomena such
as the shear viscosity [12], the heavy-quark diffusion dy-
namics [13], the jet energy loss [14], and the electrical
conductivity [15–22]. The quark spectrum, which is one
of the fundamental building blocks of QGP, was also sug-
gested to show a drastic change [23]. Not only these in-
trinsic properties of the QGP, but also the macroscopic
time evolution of the QGP in the heavy ion collision was
investigated on the basis of the anomalous hydrodynam-
ics [24–26] and the magnetohydrodynamics [27–30].
In this paper, we discuss the gluon spectrum in the
strong magnetic field. In the case without the magnetic
field, the preceding studies have clearly shown that in-
vestigating the properties of the gluon, a fundamental
degree of freedom in the QGP, is important for under-
standing many aspects of the QGP from basic excitations
to more complex phenomena. One important example is
the computation of transport coefficients: In the 2-to-2
scattering process that appears in the leading-order cal-
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culation of the transport coefficients at B = 0 [31–34],
the exchanged gluon has a small energy/momentum com-
pared with the temperature. Therefore, the Debye and
dynamical screening properties of this soft gluon is the
necessary ingredient. The whole task is carried out by
the computation of the gluon self-energy and the resum-
mation procedure called the hard thermal loop (HTL)
resummation [35–40].
We investigate the general expression of the gluon
propagator at finite temperature and in a magnetic field,
assuming the four transverse tensor components in the
gluon self-energy that have been known to appear in the
perturbative calculation [35–41]. Then, we analyze the
gluon spectrum in the momentum region of the order of
gT , with g being the QCD coupling constant, by using a
specific gluon self-energy at the one-loop order in the low-
est Landau level (LLL) approximation. We find a novel
collective excitation in this momentum region and closely
look into the dispersion relation and the strength to un-
cover its basic properties. We also investigate the De-
bye and dynamical screening effects to provide the gluon
propagator which will be important for, e.g., the compu-
tation of the transport coefficients in the future studies.
We note that, when the magnetic field is so strong that
the LLL approximation is reliable, it has been known that
one of the two physical modes of the gluon is screened
by the interaction effect with the quarks in the LLL [42].
Moreover, the screening mass has no temperature de-
pendence since this mass is interpreted as the Schwinger
mass originated from the dimensional reduction in the
LLL [43]. However, the other mode, which is not screened
by the quarks in the LLL, has not been studied in detail.
Our analysis sheds light on this point.
This paper is organized as follows: In the next sec-
tion, we obtain the general form of the gluon propagator
at finite T and B in the covariant gauge by assuming
the tensor structure of the gluon self-energy suggested
by the leading-order calculation [35–41]. We also discuss
the physical meaning of the excitations obtained from
this propagator with the use of the explicit forms of the
polarization vectors. In Sec. III, we use the specific ex-
ar
X
iv
:1
70
4.
03
19
1v
3 
 [h
ep
-p
h]
  3
0 J
an
 20
18
2pression of the self-energy at the one-loop order in the
strong magnetic field, and investigate the spectrum of the
gluon excitation in a few energy scales. We also discuss
the static and the dynamical screening effect. Section IV
is devoted to the summary of this paper. We evaluate the
gluon propagator in the Coulomb gauge in Appendix A,
and summarize the properties of the projection tensors
used in order to evaluate the gluon propagator in Ap-
pendix B.
II. GENERAL FORM OF GLUON
PROPAGATOR
In this section, we first show the general form of the
gluon propagator with the general gluon momentum and
the tensor structures of the gluon self-energy suggested
by the leading-order calculation [35–41]. We then dis-
cuss the specific momentum configurations to clarify the
physical picture.
A. General momentum
We consider the retarded gluon propagator DRµν(p) of
which the color indices are suppressed for the notational
simplicity. This propagator is related to the retarded
gluon self-energy (ΠR) as
DRµν(p) = [(D
0(p))−1 +ΠR(p)]−1µν , (2.1)
where D0 is the bare propagator. Here, the inverse ma-
trix in the Minkowski space is defined as DµνD−1να = g
µ
α.
We adopt the covariant gauge to get a simpler ten-
sor structure than in the other gauges. For some pur-
poses such as the computation of transport coefficients,
the ghost-free gauges are more convenient. Therefore,
we give the propagator in the Coulomb gauge in Ap-
pendix A.
The bare propagator in the covariant gauge reads
D0µν(p) = −
P 0µν(p)
p2
+ α
pµpν
(p2)2
, (2.2)
where α is the gauge-fixing parameter and P 0µν(p) ≡
−(gµν − pµpν/p2) is the projection tensor into the trans-
verse component in the Lorentz-symmetric system. We
note that the gluon energy p0 appearing in the above ex-
pression contains an infinitesimal imaginary part (p0+i)
for the retarded function. The inverse matrix is
[D0]−1µν (p) = −p2P 0µν(p) +
1
α
pµpν . (2.3)
Now, we look at the self-energy terms. Let us consider
what kind of tensor structures generally appear at finite
T and B. One can set the direction of the magnetic
field along the z-axis without losing generality. Then,
the independent tensors one can use to construct ΠµνR (p)
are
pµpν , nµnν , bµbν ,
(pµnν + nµpν), (pµbν + bµpν), (bµnν + nµbν), gµν ,
(2.4)
where nµ ≡ (1,0) and bµ ≡ (0, 0, 0,−1) break the Lorentz
and rotational symmetries, respectively. The latter vec-
tor indicates the preferred direction in the presence of
the magnetic field. Instead of the last four tensors, it is
convenient to use the four projection tensors,
PµνT (p) = −gµν +
p0
p2
(pµnν + nµpν)
− 1
p2
(
pµpν + p2nµnν
)
, (2.5)
PµνL (p) = −
p0
p2
(pµnν + nµpν)
+
1
p2
[
(p0)2
p2
pµpν + p2nµnν
]
, (2.6)
Pµν‖ (p) = −
p0p3
p2‖
(bµnν + nµbν)
+
1
p2‖
[
(p0)2bµbν + (p3)2nµnν
]
(2.7)
= −
(
gµν‖ −
pµ‖p
ν
‖
p2‖
)
, (2.8)
Pµν⊥ (p) =
1
p2⊥
[−p2⊥gµν + p0(pµnν + nµpν)
− p3(pµbν + bµpν) + p0p3(bµnν + nµbν)
− pµpν + (p2⊥ − (p0)2)nµnν − p2bµbν ] (2.9)
= −
(
gµν⊥ −
pµ⊥p
ν
⊥
p2⊥
)
. (2.10)
We have defined g
‖
µν = (1, 0, 0,−1), g⊥µν = (0,−1,−1, 0),
pµ‖ = g
µν
‖ pν , p
µ
⊥ = g
µν
⊥ pν , p
2
‖ = (p
0)2 − (p3)2, and p2⊥ =
(p1)2 + (p2)2. All four of the above projection tensors
are transverse to the momentum as pµP
µν
i (p) = 0. We
note that, the former two tensors (PT , PL) are known to
appear at finite T and B = 0 case [35–40], while the latter
two (P‖, P⊥) appear at T = 0 and finite B case [41], by
the perturbative calculations.
Then, the tensor structure of the self-energy can be
written as [44]
ΠµνR (p) =
∑
i=T,L,‖,⊥
Πi(p)P
µν
i (p)
+Πp
pµpν
p2
+Πnn
µnν +Πbb
µbν .
(2.11)
We note that one cannot make other transverse tensors
that are independent of the above four projection ten-
sors, by using pµpν , nµnν , and bµbν . This is the most
general form of the gluon self-energy at finite T and B.
3In the current paper, we only consider the terms that are
proportional to the four transverse projection tensors, be-
cause only these four tensors appear in the leading-order
perturbative calculation.
Now that the form of the self-energy is specified, one
can obtain the corresponding gluon propagator by eval-
uating the inverse matrix appearing on the right-hand
side of Eq. (2.1). By using the multiplicative properties
of the four projection tensors summarized in Appendix B,
we find the general form of the gluon propagator as
DRµν(p) = −
1
∆
[
(p2 −Π‖ −ΠL)PTµν(p)
+ (p2 −Π‖ −ΠT )PLµν(p) +Π‖P ‖µν(p)
+D⊥(p)P⊥µν(p)
]
+ α
pµpν
(p2)2
,
(2.12)
where
∆ ≡ (p2 −ΠT )(p2 −ΠL)
−Π‖
[
p2 −ΠTap
2
p2‖
−ΠL(1− a) (p
0)2
p2‖
]
,
(2.13)
D⊥(p) ≡ 1
p2 −ΠT −Π⊥
[
Π‖(ΠL −ΠT )(1− a) (p
0)2
p2‖
+Π⊥(p2 −ΠL −Π‖)
]
, (2.14)
and a ≡ (p3)2/p2. We are not aware of the literature that
has the general form of the gluon propagator at finite T
and B, with the four tensor components in its self-energy.
We note that the gauge-fixing term is not affected by the
self-energy at all. Since this term does not reflect any
physical property, we will not explicitly write this term
below.
For later convenience, we introduce the three indepen-
dent vectors as in Ref. [41]:
v(0)µ ≡ −
1√
p2p2‖p
2
⊥
(
p2⊥p0, p
2
‖p1, p
2
‖p2,p
2
⊥p3
)
, (2.15a)
v(1)µ ≡
1√
p2⊥
(0, p2,−p1, 0) , (2.15b)
v(2)µ ≡ −
1√
p2‖
(p3, 0, 0, p0) , (2.15c)
where p0 = p
0 and pi = −pi are understood. It is
easy to show the orthogonality vµ(i)v(j)µ = 0 for i 6= j,
the normalization, vµ(i)v(i)µ = −1, and the transversality
pµv
µ
(i) = 0. In terms of these vectors, one can rewrite the
projection tensors as Pµν⊥ = v
µ
(1)v
ν
(1), P
µν
‖ = v
µ
(2)v
ν
(2), and
Pµν0 − Pµν⊥ − Pµν‖ = vµ(0)vν(0). One also finds PµνL = vµvν
where
vµ ≡ 1|p|
√
p2
[
p0pµ − p2nµ]
=
1
|p|
√
p2‖
[
−p0|p⊥|vµ(0) + p3
√
p2vµ(2)
]
,
(2.16)
and then PµνT =
∑
i=0,1,2 v
µ
(i)v
ν
(i)−vµvν . vµ is a superpo-
sition of vµ(0) and v
µ
(2), and does not have v
µ
(1) component.
Especially, we have vµ ∝ vµ(0) when p ⊥ B, and vµ ∝ vµ(2)
when p ‖ B.
Physically, these vectors are the polarization vectors of
the real-gluon field Aµ. Properties of the induced color-
electric (E) and -magnetic (B) fields1 are also discussed
in Appendix D of Ref. [41]. We summarize the results in
Fig. 1. In the all three modes vµ(0), v
µ
(1), and v
µ
(2), the in-
duced E and B are orthogonal to each other, E ·B = 0. In
the vµ(0) mode, the electric field lies in the plane spanned
by p and B, and the magnetic field extends in the out-of-
plane direction. Notably, E is always orthogonal to the
external B. In the vµ(1) mode, B lies in the p-B plane, and
E extends in the out-of-plane direction. In the vµ(2) mode,
E lies in the p-B plane and B extends in the out-of-plane
direction. We note that only vµ(2) induces E that is not
orthogonal to the external B. This is the reason why
the quarks at the LLL generates only the component Π‖
in the gluon self-energy, which corresponds to vµ(2): The
quarks at the LLL can move only in the direction of B,
and thus are affected by the gluon excitation only when
E has the component along B. In all three of the above
modes, the magnetic fields B are always orthogonal to p.
On the other hand, only in the vµ(1) mode, the electric
field E is always orthogonal to p. In the vµ(0) and vµ(2)
modes, one finds p ·−→E (0) ∝ p2p2⊥ and p ·
−→E (2) ∝ p2p3, so
that they are orthogonal only when p ‖ B and p ⊥ B,
respectively.2 The physical meaning of vµ can be dis-
cussed in the same way as in Ref. [41]. vµ induces E that
is parallel to p, while does not induce any B.
1 In contrast to the case of the photon field [41], the field strength
in QCD has the nonlinear terms in Aµ as well as the linear terms.
These terms are expected to be negligible when the amplitude
of Aµ is small, or the coupling constant g is small. We focus on
such cases and do not consider the nonlinear terms.
2 In Ref. [41], one finds that the electric field in the vµ
(2)
mode
is orthogonal to p when p ‖ B as well as p ⊥ B at T = 0.
This is because, when p ‖ B, the on-shell condition becomes
p2 = p2‖ = 0 according to the boost invariance along the external
B. However, at finite temperature, p2‖ 6= 0 even when p ‖ B due
to the absence of the Lorentz symmetry. Indeed, as we will see
in the next subsections, E and p are parallel when p ‖ B.
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FIG. 1. The directions of E and B generated by the four polarization vectors.
B. Special momenta
To get a feeling on the physical meaning of Eq. (2.12),
let us consider the two special momentum configurations
below.
1. p ‖ B case
When p is parallel to the magnetic field, Eq. (2.13)
reduces to ∆ = (p2 − ΠT )(p2 − ΠL − Π‖). Therefore,
Eq. (2.12) becomes
DRµν(p) = −
[
v
(0)
µ v
(0)
ν
p2 −ΠT +
v
(1)
µ v
(1)
ν
p2 −ΠT −Π⊥
+
v
(2)
µ v
(2)
ν
p2 −ΠL −Π‖
]
,
(2.17)
where we have used vµvν = v
(2)
µ v
(2)
ν and PTµν = v
(0)
µ v
(0)
ν +
v
(1)
µ v
(1)
ν . The correspondences between the polarization
vectors and the directions of E and B are drawn in Fig. 2.
We see that v
(2)
µ coincides with the polarization vector
vµ longitudinal to the momentum p, while v
(0)
µ and v
(1)
µ
are responsible for the two transverse polarizations. The
fact that ΠT and Π⊥ (ΠL and Π‖) are simply added in
the denominator of the v
(1)
µ (v
(2)
µ ) term in the expression
above can be understood from this fact.
In this configuration, the two transverse excitations
specified by v
(0)
µ and v
(1)
µ are expected to be degenerated
due to the rotational symmetry around the B axis. It
implies the limiting behavior Π⊥ = 0 at p⊥ = 0.
2. p ⊥ B case
When p is perpendicular to B, Eq. (2.13) reduces to
∆ = (p2 − ΠL)(p2 − ΠT − Π‖). Therefore, Eq. (2.12)
becomes
DRµν(p) = −
[
v
(0)
µ v
(0)
ν
p2 −ΠL +
v
(1)
µ v
(1)
ν
p2 −ΠT −Π⊥
+
v
(2)
µ v
(2)
ν
p2 −ΠT −Π‖
]
,
(2.18)
where we have used vµvν = v
(0)
µ v
(0)
ν and PTµν = v
(1)
µ v
(1)
ν +
v
(2)
µ v
(2)
ν . The directions of the color-electromagnetic
fields are summarized in Fig. 3. From this figure, it is
clear that the excitation specified by v
(0)
µ coincides with
the longitudinal polarization, while those specified by v
(1)
µ
and v
(2)
µ correspond to the two transverse excitations.
Along with these correspondences, one can understand
the fact in Eq. (2.18) that ΠL appears only in the v
(0)
µ
channel, while ΠT appears in the v
(1)
µ and v
(2)
µ channels
together with Π‖ and Π⊥, respectively.
III. ONE-LOOP APPROXIMATION
In this section, we consider a specific self-energy which
is given by the one-loop diagrams drawn in Figs. 4 and 5.
From now on, we consider the strong magnetic field case,√
eB  T , where e is the electromagnetic coupling con-
stant, so that the LLL approximation is valid. In this
approximation, the quark-loop contribution is propor-
tional to the tensor Pµν‖ [42]. On the other hand, the
gluon and ghost loops are not directly affected by the
magnetic field, so that their tensor structures are the
same as those at B = 0: They have only the compo-
nents for PµνT and P
µν
L . In the LLL, the fluctuation
transverse to the magnetic field is absent, so that one
can set Π⊥ = 0 in Eq. (2.12). We also consider the
5B, p
v(0)
B
E
B, p
v(1)
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B
B, p
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E
FIG. 2. The directions of E and B generated by the four
polarization vectors, in the case of p ‖ B.
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E
B
B
p
v(2)
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BB=0
E
FIG. 3. The directions of E and B generated by the four
polarization vectors, in the case of p ⊥ B.
massless quarks for simplicity.3 In this case, we have
Π‖(p) = M2 ≡ g2
∑
f |Bf |/(2pi)2 [42], where f is the
index for the quark flavor, and Bf ≡ eqfB with qf be-
ing the electric charge of the quark carrying the flavor f .
Because of
√
eB  T , one finds Π‖  ΠT,L ∼ g2T 2.
These inequalities naturally introduce a hierarchy of
the energy scales: gT  M ∼ g√eB  T  √eB. We
will discuss the gluon spectrum in each scale, p ∼ gT ,
g
√
eB, and p  g√eB. We will show a novel excitation
in the first energy region. While the results in the last two
cases are already known, we will also briefly discuss these
cases in order to present a complete and self-contained
3 In the LLL quark-loop contribution to the polarization ten-
sor, the leading mass/temperature correction to the exact result
∼ g2eB from the massless Schwinger model is suppressed by
(m/T )2 for a small quark mass m  T (see, e.g., Ref. [13] and
references therein). Therefore, the parametric dependence of the
correction term is ∼ g2eBm2/T 2, and the temperature depen-
dence is T−2 instead of T 2, unlike in the usual four-dimensional
case.
, ,
FIG. 4. The one-loop diagram for quark contribution to the
gluon self-energy. The solid (curly) line represents a quark
(gluon) propagator. The quark is confined in the LLL.
, ,
FIG. 5. The one-loop diagram for gluon and ghost contribu-
tions to the gluon self-energy. The dotted line represents the
ghost propagator.
discussion in the whole energy region.
Note that the coupling constants in gT and M come
from the gluon/ghost and quark loops, respectively, so
that natural scales for the evaluation of the running QCD
coupling constant may be different: A natural scale of
the quark dynamics could be either of the inverse of
the cyclotron radius ∼ √eB appearing in the transverse
dynamics or T appearing in the longitudinal dynamics,
while that of the gluon/ghost dynamics is not subject to
the size of the magnetic field and therefore T is the nat-
ural scale. To decide the appropriate energy scale in the
running coupling in the quark dynamics, one needs to
perform the higher-order calculation and try to minimize
its contribution by choosing the energy scale. Neverthe-
less, in this paper, in each region specified above, we will
only have the coupling constant either from gT or M ,
which, therefore, can be evaluated with one scale.
A. pM region
When p is so large that all of the self-energy corrections
are negligible, the propagator reduces to the one in the
free limit (2.2). Equation (2.2) is rewritten as
D0µν(p) = −
vµ(0)v
ν
(0) + v
µ
(1)v
ν
(1) + v
µ
(2)v
ν
(2)
p2
. (3.1)
As mentioned before, each vµ(i) is the polarization vector
of the real-gluon field Aµ [41], and its dispersion relation
is given by the pole position of the corresponding term
in Dµν .
In the current case, the dispersion relations of the three
modes (i = 0, 1, 2) are all degenerated with p2 = 0. The
mode for i = 0 was shown to be unphysical [41] when the
dispersion relation is light-like p2 = 0. Thus, the number
of the physical modes in this case is two, as it should
be because a real gluon is allowed to have only the two
transverse modes in the Lorentz-symmetric case.
6B. p ∼M region
When p ∼ M , we have p2 ∼ Π‖ ∼ (g
√
eB)2 
ΠT,L ∼ (gT )2. Then, Eq. (2.13) is approximated as
∆ ' p2 (p2 −Π‖), while D⊥(p) ' 0. The resultant gluon
propagator reads
DRµν(p) ' −
vµ(0)v
ν
(0) + v
µ
(1)v
ν
(1)
p2
−
vµ(2)v
ν
(2)
p2 −M2 , (3.2)
where we have used PµνT + P
µν
L = P
µν
0 . This expression
agrees with the known result [14]. We see that the two
modes, which correspond to vµ(0) and v
µ
(1), are not affected
by the interactions and have the unscreened dispersion
relation p2 = 0, while the other mode vµ(2) is screened
and has the modified dispersion relation p2 = M2.
C. p ∼ gT region (HTL scale)
In this subsection, we focus on the soft-energy region,
p ∼ gT . In this case, we can use the HTL approxima-
tion [45, 46] for ΠT and ΠL:
ΠT (p) =
3
2
ω2p
[
y2 + (1− y2)Q(y)] , (3.3)
Πl(p) = 3ω
2
p [−1 +Q(y)] , (3.4)
where y ≡ p0/|p| and
Q(y) ≡ y
2
[
ln
∣∣∣∣1 + y1− y
∣∣∣∣− ipiθ(1− y2)] . (3.5)
We have defined Πl ≡ p2ΠL(p)/p2 for future con-
venience. Notice that the quark-loop contribution
is not included in the above HTL results. Conse-
quently, the plasma frequency, which is now only from
the gluon/ghost-loop contribution, is given by ωp ≡
gT
√
Nc/3 (with Nc being the number of colors), which
differs from the one at B = 0 by overall factors.
Since we are looking at the scale p ∼ gT , the orders of
the self-energies are ΠT,L ∼ (gT )2 and Π‖ ∼ (g
√
eB)2.
Thus, Eqs. (2.13) and (2.14) are approximated as ∆ '
−Π‖p2∆mix/p2‖ and
D⊥(p) ' 1
p2 −ΠT Π‖(ΠL −ΠT )(1− a)
(p0)2
p2‖
, (3.6)
where
∆mix ≡ p2‖ −ΠTa−Πly2(1− a). (3.7)
By using these expressions, Eq. (2.12) results in
DRµν(p) '
1
∆
[
Π‖P 0µν(p)−Π‖P ‖µν(p)−D⊥(p)P⊥µν(p)
]
= −
p2‖
p2
v
(0)
µ v
(0)
ν
∆mix
− v
(1)
µ v
(1)
ν
p2 −ΠT .
(3.8)
In the above, the dependence on Π‖ goes away because
of the cancellation between the numerator and the de-
nominator. We note that the mode with v
(2)
µ does not
appear here because this mode is, as we have seen in the
previous subsection, screened by the screening mass M ,
and thus it has much larger energy than the one we are
considering (∼ gT ).
The first term of Eq. (3.8) reduces to the purely trans-
verse (longitudinal) component when p ‖ B (p ⊥ B):
∆mix = p
2 −ΠT (p ‖ B), (3.9a)
∆mix = y
2
[
p2 −Πl
]
(p ⊥ B). (3.9b)
They agree with the two denominators appearing in the
HTL propagator [45, 46] in the absence of the magnetic
field, which can be obtained by setting Π‖ = Π⊥ = 0 in
Eq. (2.12):
DRµν(p) = −
PTµν(p)
p2 −ΠT −
p2
p2
PLµν(p)
p2 −Πl .
(3.10)
For general values of a, ∆mix is a linear combination of
ΠT and Πl. In other words, the transverse and the longi-
tudinal components are “mixed”, which does not happen
in the B = 0 case.
On the other hand, the denominator of the second term
in Eq. (3.8) is the same as that of the transverse term of
Eq. (3.10), so this term does not have novel properties.
1. collective excitations
In the time-like region p2 > 0, ΠT and Πl do not have
imaginary parts. Therefore, Eq. (3.8) can have poles on
the real axis in the p0 plane. If they exist, they corre-
spond to collective excitations of which the energies are
given by the pole positions.
Let us begin with the two special cases, p ‖ B and p ⊥
B, which correspond to a = 1 and a = 0, respectively. In
these cases, ∆mix reduces to the well-known HTL results
at B = 0 up to the absence of the quark-loop contribution
in the present case.
In the former case at a = 1, the root of Eq. (3.9a) is
plotted4 in Fig. 6 as a function of |p|. This also gives
the pole of the second term in Eq. (3.8), because the dis-
persion relations of the two transverse modes should be
degenerated according to the rotational symmetry with
respect to the direction of the magnetic field. Its asymp-
4 Note that we plotted only the pole with the positive energy.
Another pole with the same magnitude but with the opposite
sign exists in the negative energy region, as can be seen from the
symmetry of ΠT under the transformation p
0 → −p0.
7totic forms can be analytically obtained as [45, 46]
(p0)2 ' ω2p +
6
5
p2 (|p|  gT ), (3.11a)
(p0)2 ' p2 + 3
2
ω2p (|p|  gT ), (3.11b)
where we have used Q(y) ' 1 + 1/(3y2) + 1/(5y4) for
y  1, and Q(y) ' ln(2/)/2 for y ' 1 +  with  1.
In the latter case at a = 0, ∆mix has only the longi-
tudinal component. The root of Eq. (3.9b) is plotted in
Fig. 6 as a function of |p|. This collective excitation is
known as the plasmon. Its asymptotic forms are obtained
as [45, 46]
(p0)2 ' ω2p +
3
5
p2 (|p|  gT ), (3.12a)
p0 ' |p|
[
1 + 2 exp
(
−2− 2p
2
3ω2p
)]
(|p|  gT ). (3.12b)
We note that the dispersion curve quickly approaches
the light cone at the large |p| due to the exponential
factor. This contrasts to the asymptotic behavior of the
transverse component shown in Eq. (3.11b).
Now, we move to general values of a. In Fig. 6, the
solutions of ∆mix = 0 are plotted
5 for a = 0.3 and 0.6
as functions of |p|. The pole positions appear inbetween
those of the transverse channel, p2 −ΠT = 0, and of the
longitudinal channel, p2−Πl = 0, at B = 0. One can see
that, as a increases from zero, the pole position departs
from that in the longitudinal channel, and approaches
that in the transverse channel. This dispersion relation
at the fractional value of a is different from both of the
transverse and the longitudinal channels at B = 0, and
thus is a novel collective excitation appearing only in the
presence of the strong magnetic field. We can obtain the
asymptotic forms of the pole position as
(p0)2 ' ω2p +
3(a+ 1)
5
p2 (|p|  gT ), (3.13a)
p0 ' |p|
[
1 + 2 exp
(
−2− 2p
2
3ω2p
+
a
1− a
)]
(|p|  gT ).
(3.13b)
At the large |p|, the dispersion curve approaches the
light cone exponentially, just like that of the plasmon at
B = 0. We note that, when a is very close to unity, the
latter asymptotic expression becomes invalid as noticed
from the blow up of the exponential, and one should use
Eq. (3.11b) instead.
Next, we discuss the residue of the novel collective ex-
citation. By expanding the first term in Eq. (3.8) around
5 Here we do not consider the pole at p2 = 0, which originates
from the prefactor of the first term in Eq. (3.8), because such
pole with the polarization vector v
(0)
µ is unphysical [41].
the pole [which we write as p0 = ω(|p|)] as
1
∆mix
' Z(|p|)
2ω(|p|)
1
p0 − ω(|p|) , (3.14)
we introduce the residue
Z(|p|) = 2ω(|p|)
(
d∆mix
dp0
∣∣∣∣
p0=ω(|p|)
)−1
. (3.15)
As in the discussion for the pole positions, we start with
the two special cases. In Fig. 7, we show the residue in the
p ‖ B case where the excitation reduces to the transverse
one at B = 0. We see that the residue does not change
much in the all momentum range. Especially, in the both
limits |p| → 0 and |p| → ∞, it is known that the residue
approaches unity [45, 46]. On the other hand, the residue
in the p ⊥ B case, plotted in the same figure, corresponds
to the plasmon excitation at B = 0. In this case, it is
also known that, whereas the residue approaches unity
as |p| → 0, it decreases exponentially at the large |p| [45,
46]. Therefore, contrary to the transverse excitations,
the residue shows a rapid change as a function of |p|.
We shall move to general values of a. In Fig. 7, we
show the residues as functions of |p| for a = 0.3 and 0.6.
An analytical expression of the residue at the small |p|
is obtained as
Z ' 1− 3− 2a
5
( |p|
ωp
)2
. (3.16)
We find that, for the general a, the residue goes to unity
as |p| → 0. The asymptotic form at the large |p| can also
be obtained as
Z ' 8p
2
3(1− a)ω2p
exp
(
−2− 2p
2
3ω2p
+
a
1− a
)
. (3.17)
The exponential suppression at the large |p| suggests that
the excitation does not have physical significance when
|p|  gT , where the interaction effect can be safely ne-
glected. These analytic expressions confirm the behaviors
both in the small and large |p| regions in our numerical
results.
At the large |p|, we see that the behaviors at finite a
are more similar to that of the plasmon rather than of
the transverse excitation at B = 0, suggesting that the
new excitation is a collective excitation like the plasmon
at B = 0.
2. Debye screening
The limiting behavior of the first term in Eq. (3.8) at
p0 = 0 describes the screening property of static color-
electric field. We start with the p ‖ B case. At p0 = 0, we
have ΠT = 0, so p
2
‖/[p
2∆mix] = −1/p2. It indicates the
well-known fact that there is no static screening effect in
the transverse channel. By contrast, for the p ⊥ B case,
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FIG. 6. The pole position obtained from ∆mix = 0 with a =
0.3 (red, dotted line) and a = 0.6 (magenta, chain line), as a
function of the momentum. The poles in the transverse (blue,
solid line) and the longitudinal (green, solid line) components
at B = 0 (Eq. (3.10)), which correspond to a = 1 and a = 0
in ∆mix = 0, respectively, are also plotted. The light cone
(black, dotted line) is also plotted. The unit of the energy
and of the momentum is ωp.
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FIG. 7. The residues Z at a = 0.3 (red, dotted line) and
a = 0.6 (magenta, chain line), as a function of the momen-
tum. The residues at a = 1 (blue, solid line) and a = 0 (green,
solid line), which correspond to the transverse and the longi-
tudinal channels at B = 0, respectively, are also plotted for
comparison. The unit of the momentum is ωp.
we have p2‖/[p
2∆mix] = −1/[p2 + 3ω2p] from Πl = −3ω2p.
This expression indicates the screening effect in the lon-
gitudinal channel, of which the Debye mass is given by√
3ωp [45, 46].
Now, let us move to the case of general a. The first
term in Eq. (3.8) becomes
p2‖
p2∆mix
= − 1
p2
, (3.18)
at p0 = 0. This expression suggests that there is no static
screening effect except for the p ⊥ B case (a = 0). It
is surprising that the static screening disappears once a
gets an infinitesimal deviation from zero.
3. Dynamical screening
Although the static screening is absent, there can be a
dynamical screening effect in the first term of Eq. (3.8).
We focus on the behavior at the small p0. Let us start
with the p ‖ B case. By using ΠT ' −3ipiyω2p/4 for
p0  |p|, which comes from the Landau damping, we
get p2‖/[p
2∆mix] ' −1/[p2−3ipip0ω2p/(4|p|)]. Its absolute
value becomes∣∣∣∣∣ p
2
‖
p2∆mix
∣∣∣∣∣
2
' 1|p2|2 + [3pip0ω2p/(4|p|)]2
. (3.19)
This expression shows the presence of the screening effect
at finite p0, which is called the dynamical screening. This
effect is quite important in the calculation of the trans-
port coefficients [31–34] and the quark damping rate [47–
51] at B = 0. There is a dynamical screening effect also
in the longitudinal channel, but the static screening ef-
fect dominates when p0  |p|, so we do not discuss the
p ⊥ B case.
For general values of a, the first term of Eq. (3.8) be-
comes
p2‖
p2∆mix
' − 1
p2 +ΠT
, (3.20)
for p0  |p|. Interestingly, this expression shows no de-
pendence on a and is the same as that in the p ‖ B case,
where the expression reduces to that in the transverse
channel at B = 0. Therefore, it is clear for the general a
that there is the same dynamical screening effect as that
of the transverse mode.
D. Brief Summary of whole momentum ranges
Here, we briefly summarize our results for the gluon
spectrum obtained in this section. We show the disper-
sion relations of the excitations in Fig. 8 which corre-
spond to the polarization vectors vµ(i) (i = 0, 1, 2), re-
spectively.
The excitation with vµ(0) has a pole at p
0 = ωp ∼ gT at
|p| = 0, and the pole position increases as |p| increases,
and finally approaches the light cone when |p|  gT .
However, at the same time, the residue decreases expo-
nentially at |p|  gT , so this excitation is physically im-
portant only when |p| . gT . We note that, this picture
9 0
 2
 4
 6
 0  2  4  6
v(0)
v(1)
v(2)
p0
/ω
p
p/ωp
FIG. 8. The dispersion relations of the three excitations. The
excitation with the polarization vectors vµ(0), v
µ
(1), and v
µ
(2) are
represented by chain line colored in magenta, solid line colored
in blue, and the dotted line colored in red, respectively. The
light cone (black, dotted line) is also plotted. We set M/ωp =
3.0 and a = 0.6. The unit for the energy and the momentum
is ωp.
does not hold when a is very close to unity. In this case,
Πl does not appear in ∆mix as seen in Eq. (3.9a), and the
pole position and the residue of this excitation become
identical to those of the excitation with the polarization
vector vµ(1), of which the properties are discussed below.
Another excitation with vµ(1) also has a pole at p
0 =
ωp ∼ gT at |p| = 0. The pole position increases as the
momentum increases, but does not approach the light
cone in contrast to the excitation we have just discussed.
Its residue approaches unity at the large |p|, so it is still
physical object also when |p|  gT . Actually, the excita-
tion with vµ(1) exists even at the larger momentum region,
|p| &M .
The other excitation with vµ(2) has the much larger
mass compared with the other two: At zero momentum,
the pole is at p0 = M  ωp, and the pole position be-
comes (p0)2 = p2 + M2 at the finite momentum. This
excitation also exists at the momentum region |p| M .
The two excitations with the polarization vectors vµ(1)
and vµ(2) have finite residues at |p| &M where the inter-
action effect is negligible. The residue of the excitation
with vµ(0) decreases exponentially with the increasing mo-
mentum, which indicates a clear contrast to the former
two. This result suggests that the latter excitation is a
purely collective excitation like the plasmon at B = 0.
We also briefly comment on the screening properties.
As we have seen, the behavior of the residue for vµ(0) is
similar to that in the longitudinal mode at B = 0. How-
ever, the screening properties of this component are the
same as in the transverse mode at B = 0: Namely, the
Debye screening is absent, while the dynamical screening
effect persists. This is an intriguing fusion between the
longitudinal and transverse modes caused by the mag-
netic field.
As a final remark of this section, we comment on the
gauge dependence of our result. The gluon propagator
itself is gauge-dependent quantity. Actually, the general
expression in the covariant gauge, Eq. (2.12), is appar-
ently different from the corresponding expression (A7) in
the Coulomb gauge. Nevertheless, the physical quantities
that can be calculated from the gluon propagator should
be gauge-invariant, such as the pole position of the gluon
collective excitation [52, 53]. Especially in our one-loop
analysis, Π‖ is independent of the gauge-fixing since only
the quarks are involved inside the loop, and ΠT/L is also
gauge-independent because it is evaluated with the HTL
approximation. It proves that the properties of the col-
lective excitations in this section, such as the dispersion
relation and the strength, are gauge-independent.
IV. SUMMARY
We obtained the gluon propagator at finite tempera-
ture and in a magnetic field, in which both of the Lorentz
and rotational symmetries are broken, for the case that
the gluon self-energy has the four independent transverse
tensor components.
Then, by using the specific form of the one-loop gluon
self-energy in the LLL approximation, which is valid in
the strong magnetic field, we clarified the picture of the
gluon excitations in the whole energy ranges, p  M ,
p ∼ M , and p ∼ gT . Especially in the p ∼ gT case, we
found that there appear two collective excitations, and
that the properties of one of them are significantly mod-
ified compared with those at B = 0. We note that the
gluon self-interaction is essentially important for the col-
lective excitations at p ∼ gT , so that these collective ex-
citations do not appear in the relativistic quantum elec-
trodynamics plasma because there are no counterparts
for the diagrams in Fig. 5.
We also discussed the Debye and dynamical screening
effects, and found that the Debye screening is absent in
contrast to the B = 0 case, while the dynamical screening
persists. The expression of this dynamical screening will
be useful when one computes the transport coefficients in
the strong magnetic field, where the soft gluons appear
as the exchanged particles.
We note that, our calculation is based on the assump-
tion of the strong magnetic field, T  √eB. When this
assumption is not realized, we can not rely on the LLL
approximation so that Π‖ is no longer equal to M2, and
Π⊥ becomes finite and its magnitude would be the same
order as the other components of Π. Also, the inequal-
ity ΠT , ΠL  Π‖ will not be realized any more. The
investigation in such case is left to future work.
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Appendix A: Gluon propagator in Coulomb gauge
The bare propagator and its inverse in the Coulomb
gauge are, respectively, given by
D0µν(p) = −
PTµν(p)
p2
− nµnν
p2
+ α
pµpν
(p2)2
, (A1)
[D0]−1µν (p) = −p2P 0µν(p) +
1
α
gµigνjp
ipj . (A2)
As for the tensor structure of the self-energy, we assume
the form in Eq. (2.11).
We consider the behavior in the limit α→ 0. By eval-
uating the terms of order α−1 and α0 in the definition of
the inverse matrix, DµνR [(D
0)−1 +Π]να = gµα, we get
0 = piDµiR , (A3)
gµα = D
µ
gigαjp
ipj +DµνR
−p2P 0να + ∑
i=T,L,‖,⊥
Πi(p)P
να
i
 ,
(A4)
where we have decomposed DµνR as D
µν
R +αD
µν
g +O(α2).
Generally, DµνR has the tensor structure
DµνR =
∑
i=T,L,‖,⊥
DiP
µν
i +Dp
pµpν
p2
+Dnn
µnν +Dbb
µbν ,
(A5)
according to the argument in Sec. II A. Dµνg also has the
same tensor structure, and the coefficients in this order
are referred to as Dgi . Equation (A3) gives a constraint
on these coefficients, resulting in
DµνR =
∑
i=T,⊥
DiP
µν
i +Dnn
µnν +DBµν . (A6)
We have defined Bµν ≡ PµνL − y2pµpν/p2 −
(p0)2bµbν/(p3)2 + p2‖P
µν
‖ /(p
3)2 such that piBµi = 0.
By solving Eq. (A4), the gluon propagator is found to
be
DµνR = −
1
∆
[(
p2 −ΠL − ap
2
p2‖
Π‖
)
PµνT − a
p2
p2‖
Π‖Bµν
+
p2
p2
nµnν
(
p2 −ΠT − (p
0)2
p2‖
Π‖
)
+Dc⊥P
µν
⊥
]
,
(A7)
where ∆ is the same as that in the covariant gauge (2.13),
and
Dc⊥ = −
(
p2 −ΠL − ap
2
p2‖
Π‖
)
+
∆
p2 −ΠT −Π⊥ . (A8)
The coefficients of Dµνg satisfy
DgL =
(p3)2
p2‖
Dg‖ = −
(p3)2
(p0)2
Dgb , (A9)
(p0)2DgL + p
2Dgp =
p2
p2
. (A10)
This result can be confirmed by using the properties of
the four projection tensors and Bµν summarized in Ap-
pendix B as well as the definitions of the projection ten-
sors (2.5)–(2.10).
Before ending this Appendix, we examine the form of
the resummed propagator near the mass-shell, which will
be useful for the computation of the transport coeffi-
cients. The on-shell condition is given by the denomina-
tor of the propagator, so in the free limit it reads p2 = 0.
The interaction effect modifies the dispersion relation.
However, the modification is of the order of Πi, and thus
p2 is still small. For this reason, the coefficients of nµnν
and Bµν in Eq. (A7) are negligible compared with the
other tensors:
DµνR ' −
p2 −ΠL
∆
(PµνT − Pµν⊥ )−
Pµν⊥
p2 −ΠT −Π⊥ .
(A11)
We have applied the same approximation to the coef-
ficient of the term being proportional to PµνT , and the
denominator can be also approximated for p2 ∼ 0 as
∆ ' (p2 −ΠT )(p2 −ΠL)−Π‖
[
p2 −ΠT a
1− a
p2
p2
−ΠL
]
= (p2)2 − p2
[
ΠT +ΠL +Π‖ −Π‖ΠT a
1− a
1
p2
]
+
(
ΠT +Π‖
)
ΠL.
(A12)
Neglecting the term that is proportional to p2Π‖ΠT , we
get ∆ ' (p2−ΠL)(p2−ΠT −Π‖). Plugging this expres-
sion to Eq. (A11), the gluon propagator near the mass-
shell is obtained as
DµνR ' −
PµνT − Pµν⊥
p2 −ΠT −Π‖ −
Pµν⊥
p2 −ΠT −Π⊥ . (A13)
We note that the above two tensors are orthogonal,
(PµνT − Pµν⊥ )P⊥να = 0.
Appendix B: Properties of projection tensors
All the projection tensors are normalized as
Pµαi P
i
αν = −Pµi ν , (B1)
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where i = T, L, ‖,⊥.
The following pairs of the projection tensors are or-
thogonal:
PµαT P
L
αν = P
µα
‖ P
⊥
αν = P
µα
⊥ P
L
αν = 0. (B2)
On the other hand, multiplications for the other pairs
result in nonvanishing structures as
PµαT P
⊥
αν = P
µα
⊥ P
T
αν = −Pµ⊥ν , (B3)
PµαT P
‖
αν = −
p0
p2‖p
2
[−p3pµ + p0p3nµ − p2bµ]
× [p3nν − p0bν] . (B4)
We note that the right-hand side in Eq. (B4) is not sym-
metric in µ and ν. However, when evaluating the inverse
matrix to get the gluon propagator, one needs only a
symmetrized combination
PµαT P
‖
αν + P
µα
‖ P
T
αν
= − 1
p2‖
[
2(p0)2 {anµnν + bµbν}
−p0p3(1 + y2)(bµnν + nµbν)
−p0a(nµpν + pµnν) + y2p3(bµpν + pµbν)
]
=
1
p2‖
[
ap2PµLν + (p
0)2(1− a)(Pµ⊥ν − PµTν)
]
− Pµ‖ν .
(B5)
By using a simple relation PµαL = P
µα
0 − PµαT , the prod-
uct between PL and P ‖ can be obtained as PµαL P
‖
αν +
Pµα‖ P
L
αν = −[PµαT P ‖αν + Pµα‖ PTαν ] − 2Pµ‖ν , where the
symmetrized tensor between the brackets are given just
above.
In the Coulomb gauge, there appears another tensor
Bµν defined below Eq. (A6). Its product with the pro-
jection tensors are found to be
BµνP ‖να = −
(p0)2
(p3)2
Pµ‖α − PµνT P ‖να +
(p0)2
(p3)2
bµP
‖
3α, (B6)
BµνPTνα =
p0
p3
nµPT3α, (B7)
BµνPLνα =
1
(p3)2
[
−p2L
(
Pµ‖α + P
µν
‖ P
T
να
)
+ (p0)2bµPL3α
]
− PµLα, (B8)
BµνP⊥να = 0. (B9)
[1] V. Skokov, A. Yu. Illarionov, and V. Toneev, Int. J. Mod.
Phys. A24, 5925 (2009), arXiv:0907.1396 [nucl-th].
[2] V. Voronyuk, V. D. Toneev, W. Cassing, E. L.
Bratkovskaya, V. P. Konchakovski, and S. A. Voloshin,
Phys. Rev. C83, 054911 (2011), arXiv:1103.4239 [nucl-
th].
[3] A. Bzdak and V. Skokov, Phys. Lett. B710, 171 (2012),
arXiv:1111.1949 [hep-ph].
[4] W.-T. Deng and X.-G. Huang, Phys. Rev. C85, 044907
(2012), arXiv:1201.5108 [nucl-th].
[5] W.-T. Deng and X.-G. Huang, Phys. Lett. B742, 296
(2015), arXiv:1411.2733 [nucl-th].
[6] X.-G. Huang, Rept. Prog. Phys. 79, 076302 (2016),
arXiv:1509.04073 [nucl-th].
[7] K. Hattori and X.-G. Huang, Nucl. Sci. Tech. 28, 26
(2017), arXiv:1609.00747 [nucl-th].
[8] D. E. Kharzeev, L. D. McLerran, and H. J. Warringa,
Nucl. Phys. A803, 227 (2008), arXiv:0711.0950 [hep-ph].
[9] K. Fukushima, D. E. Kharzeev, and H. J. Warringa,
Phys. Rev. D78, 074033 (2008), arXiv:0808.3382 [hep-
ph].
[10] D. E. Kharzeev, J. Liao, S. A. Voloshin, and G. Wang,
Prog. Part. Nucl. Phys. 88, 1 (2016), arXiv:1511.04050
[hep-ph].
[11] V. Skokov, P. Sorensen, V. Koch, S. Schlichting,
J. Thomas, S. Voloshin, G. Wang, and H.-U. Yee,
(2016), arXiv:1608.00982 [nucl-th].
[12] K. Tuchin, J. Phys. G39, 025010 (2012), arXiv:1108.4394
[nucl-th].
[13] K. Fukushima, K. Hattori, H.-U. Yee, and Y. Yin, Phys.
Rev. D93, 074028 (2016), arXiv:1512.03689 [hep-ph].
[14] S. Li, K. A. Mamo, and H.-U. Yee, Phys. Rev. D94,
085016 (2016), arXiv:1605.00188 [hep-ph].
[15] K. Hattori, S. Li, D. Satow, and H.-U. Yee, (2016),
arXiv:1610.06839 [hep-ph].
[16] K. Hattori and D. Satow, Phys. Rev.D94, 114032 (2016),
arXiv:1610.06818 [hep-ph].
[17] D. Satow, Phys. Rev. D90, 034018 (2014),
arXiv:1406.7032 [hep-ph].
[18] B. O. Kerbikov and M. A. Andreichikov, Phys. Rev. D91,
074010 (2015), arXiv:1410.3413 [hep-ph].
[19] S.-i. Nam, Phys. Rev. D86, 033014 (2012),
arXiv:1207.3172 [hep-ph].
[20] E. V. Gorbar, I. A. Shovkovy, S. Vilchinskii, I. Rude-
nok, A. Boyarsky, and O. Ruchayskiy, Phys. Rev. D93,
105028 (2016), arXiv:1603.03442 [hep-th].
12
[21] S. Pu, S.-Y. Wu, and D.-L. Yang, Phys. Rev. D91,
025011 (2015), arXiv:1407.3168 [hep-th].
[22] P. V. Buividovich, M. N. Chernodub, D. E. Kharzeev,
T. Kalaydzhyan, E. V. Luschevskaya, and M. I.
Polikarpov, Phys. Rev. Lett. 105, 132001 (2010),
arXiv:1003.2180 [hep-lat].
[23] P. Elmfors, Nucl. Phys. B487, 207 (1997), arXiv:hep-
ph/9608271 [hep-ph].
[24] M. Hongo, Y. Hirono, and T. Hirano, (2013),
arXiv:1309.2823 [nucl-th].
[25] Y. Hirono, T. Hirano, and D. E. Kharzeev, (2014),
arXiv:1412.0311 [hep-ph].
[26] Y. Jiang, S. Shi, Y. Yin, and J. Liao, (2016),
arXiv:1611.04586 [nucl-th].
[27] S. Pu, V. Roy, L. Rezzolla, and D. H. Rischke, Phys.
Rev. D93, 074022 (2016), arXiv:1602.04953 [nucl-th].
[28] V. Roy, S. Pu, L. Rezzolla, and D. Rischke, Phys. Lett.
B750, 45 (2015), arXiv:1506.06620 [nucl-th].
[29] G. Inghirami, L. Del Zanna, A. Beraudo, M. H. Moghad-
dam, F. Becattini, and M. Bleicher, Eur. Phys. J. C76,
659 (2016), arXiv:1609.03042 [hep-ph].
[30] S. Pu and D.-L. Yang, Phys. Rev. D93, 054042 (2016),
arXiv:1602.04954 [nucl-th].
[31] P. B. Arnold, G. D. Moore, and L. G. Yaffe, JHEP 11,
001 (2000), arXiv:hep-ph/0010177 [hep-ph].
[32] P. B. Arnold, G. D. Moore, and L. G. Yaffe, JHEP 05,
051 (2003), arXiv:hep-ph/0302165 [hep-ph].
[33] J.-S. Gagnon and S. Jeon, Phys. Rev. D76, 105019
(2007), arXiv:0708.1631 [hep-ph].
[34] J.-S. Gagnon and S. Jeon, Phys. Rev. D75, 025014
(2007), [Erratum: Phys. Rev.D76,089902(2007)],
arXiv:hep-ph/0610235 [hep-ph].
[35] R. D. Pisarski, Phys. Rev. Lett. 63, 1129 (1989).
[36] E. Braaten and R. D. Pisarski, Phys. Rev. Lett. 64, 1338
(1990).
[37] E. Braaten and R. D. Pisarski, Nucl. Phys. B337, 569
(1990).
[38] E. Braaten and R. D. Pisarski, Phys. Rev. D42, 2156
(1990).
[39] E. Braaten and R. D. Pisarski, Phys. Rev. D46, 1829
(1992).
[40] R. Kobes, G. Kunstatter, and K. Mak, Phys. Rev. D45,
4632 (1992).
[41] K. Hattori and K. Itakura, Annals Phys. 330, 23 (2013),
arXiv:1209.2663 [hep-ph].
[42] V. A. Miransky and I. A. Shovkovy, Phys. Rev.
D66, 045006 (2002), arXiv:hep-ph/0205348 [hep-ph];
K. Fukushima, Phys. Rev. D83, 111501 (2011),
arXiv:1103.4430 [hep-ph].
[43] J. S. Schwinger, Phys. Rev. 128, 2425 (1962).
[44] M. Bordag and V. Skalozub, Phys. Rev. D77, 105013
(2008), arXiv:0801.2306 [hep-th].
[45] J. Frenkel and J. C. Taylor, Nucl. Phys. B334, 199
(1990).
[46] E. Braaten and R. D. Pisarski, Nucl. Phys. B339, 310
(1990).
[47] J.-P. Blaizot and E. Iancu, Phys. Rev. D55, 973 (1997),
arXiv:hep-ph/9607303 [hep-ph].
[48] J.-P. Blaizot and E. Iancu, Phys. Rev. Lett. 76, 3080
(1996), arXiv:hep-ph/9601205 [hep-ph].
[49] V. V. Lebedev and A. V. Smilga, Physica A181, 187
(1992).
[50] V. V. Lebedev and A. V. Smilga, Phys. Lett. B253, 231
(1991).
[51] R. D. Pisarski, Phys. Rev. D47, 5589 (1993).
[52] R. Kobes, G. Kunstatter, and A. Rebhan, Phys. Rev.
Lett. 64, 2992 (1990).
[53] R. Kobes, G. Kunstatter, and A. Rebhan, Nucl. Phys.
B355, 1 (1991).
